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SUBSPACES OF BANACH SPACES WITH BIG SLICES
JULIO BECERRA GUERRERO, GINE´S LO´PEZ-PE´REZ AND ABRAHAM RUEDA
ZOCA
Abstract. We study when diameter two properties pass down to sub-
spaces. We obtain that the slice two property (respectively diameter
two property, strong diameter two property) passes down from a Ba-
nach space X to a subspace Y whenever Y is complemented by a norm
one projection with finite-dimensional kernel (respectively the quotient
X/Y is finite dimensional, X/Y is strongly regular). Also we study the
same problem for dual properties of the above ones, as having octahe-
dral, weakly octahedral or 2-rough norm.
1. Introduction.
We recall that a Banach space X satisfies the strong diameter two prop-
erty (SD2P), respectively diameter two property (D2P), slice-diameter two
property (slice-D2P), if every convex combination of slices, respectively ev-
ery nonempty relatively weakly open subset , every slice, in the unit ball ofX
has diameter 2. The weak-star slice diameter two property (w∗-slice-D2P),
weak-star diameter property (w∗-D2P) and weak-star strong diameter two
property (w∗-SD2P) for a dual Banach spaces are defined as usual, changing
slices by w∗-slices and weak open subsets by w∗- open subsets in the unit
ball. It is known that Daugavet property implies the SD2P and so the D2P
and slice-D2P. The above connection between the Daugavet properties and
the diameter two properties was discovered in [9]. In fact, the dual of a Ba-
nach space with Dagavet property also satisfy the w∗-SD2P [1]. It is known
that the above six properties are extremely different as it is proved in [2].
As can be easily seen, the above properties are not inhered to subspaces,
so given a Banach space X with some of the above properties, a natural
question is wonder what subspaces Y of X have also the those property.
Up to our best knowledge, the same problem has not been yet considered
for the diameter two properties. The aim of this note is to study when the
diameter two properties pass down to subspaces. We show that the above
properties are not three space properties. We obtain that a subspace Y of a
Banach space X with the SD2P, has the SD2P whenever the quotient X/Y
is strongly regular, a weaker property than RNP. In particular, it is showed
that the above holds if X/Y does not contain ℓn1 uniformly. For the D2P, we
get that a subspace Y of a Banach space X with D2P, has D2P whenever
X/Y is finite-dimensional and also we obtain that a subspace Y of a Banach
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space X with slice-D2P, has slice-D2P if Y is cofinite-dimensional and one
complemented.
Finally, we study the same problem for the dual properties of diameter
two properties, like having octahedral, weakly octahedral or 2−rough norm.
Recall that a Banach space X satisfies the SD2P if, and only if, the norm
of X∗ is octahedral and the norm of X is octahedral if, and only if, X∗ has
w∗-SD2P (see [1]).
The norm of a Banach space X is octahedral if for every ε > 0 and for
every finite-dimensional subspace M of X there is some y in the unit sphere
of X such that
‖x+ λy‖ ≥ (1− ε)(‖x‖ + |λ|)
holds for every x ∈M and for every scalar λ (see [4]).
Similarly, following [6] and [4, Proposition I.1.11], a Banach space X sat-
isfies D2P, respectively slice-D2P, if the norm of the dual space X∗ is weakly
octahedral, respectively 2-rough. Also, the norm of X is weakly octahedral,
respectively 2−rough, if, and only if, X∗ has w∗-D2P, respectively w∗-slice-
D2P.
The norm of a Banach space X is weakly octahedral (see [6]) if for every
finite-dimensional subspace Y of X, every x∗ ∈ BX∗ , and every ε ∈ R
+
there exists y ∈ SX satisfying
‖x+ y‖ ≥ (1− ε)(|x∗(x)|+ ‖y‖) ∀x ∈ Y.
The norm is said to be 2−rough if, for every u in the unit sphere of X one
has
lim sup
‖h‖→0
‖u+ h‖+ ‖u− h‖ − 2
‖h‖
= 2
Recall that a closed, bounded and convex subset C of a Banach space X is
said to be strongly regular if every closed and convex subset of C has convex
combinations of slices with diameter arbitrarily small, equivalently convex
combinations of relatively weakly open subsets with diameter arbitrarily
small, since it is known that every nonempty relatively weakly open subset
contains a convex combination of slices [3, Lemma 5.3]. We refer to this
fact like the Bourgain lemma. A point x of a such set C of X is said to be
a point of strong regularity if there are convex combinations of slices in C
containing x with arbitrarily small diameter. If C is strongly regular then C
contains a norm dense subset of points of strong regularity [5, Proposition
3.6]. The strong regularity is a strictly weaker property than RNP and it
is known that, for a Banach space X, X∗ is strongly regular if, and only if,
X does not contain isomorphic copies of ℓ1 [5, Corollary 6.18]. Also it is
known that Banach spaces not containing ℓn1 uniformly are strongly regular
[7, Proposition 2.14]. Banach spaces not containing ℓn1 uniformly are called
too K-convex Banach spaces.
We consider real Banach spaces, BX (resp. SX) denotes the closed unit
ball (resp. sphere) of the Banach space X. All subspaces of a Banach space
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will be considered closed subspaces. If Y is a subspace of a Banach space X,
X∗ stands for the dual space of X and the annihilator of Y is the subspace
of X∗ given by
Y ◦ = {x∗ ∈ X∗ : x∗(Y ) = 0}.
A slice of a bounded subset C of X is the set
S(C, f, α) := {x ∈ C : f(x) > M − α},
where f ∈ X∗, f 6= 0, M = supx∈C f(x) and α > 0. If X = Y
∗ is a dual
space for some Banach space Y and C is a bounded subset of X, a w∗-slice
of C is the set
S(C, y, α) := {f ∈ C : f(y) > M − α},
where y ∈ Y , y 6= 0, M = supf∈C f(y) and α > 0. w (resp. w
∗) denotes the
weak (resp. weak-star) topology of a Banach space.
2. Main results.
We begin with the following question: can a closed subspace satisfying any
diameter two property force the space to have any diameter two property?
We will see that, in general, this is false.
Indeed, it is possible construct an example Z = X × Y for X = Y =
C([0, 1]) and a norm ‖ ·‖ in Z such that Z fails every diameter two property
in spite of the fact that X and Y has the strong diameter two property with
the norm of Z restricted to X and Y respectively. In order to show this
norm we need the following
Lemma 2.1. Let X be a Banach space and assume that C = co(B ∪ {x0})
for some closed bounded and convex subset B of X and x0 ∈ X \ B. Then
x0 is a denting point of C. Moreover, if B is the unit ball of X, then
co(C ∪ {−x0}) is the unit ball of some equivalent norm in X and x0 is a
denting point of the unit ball for this new norm.
Proof. As x0 /∈ B we can find, by a separation argument, x
∗ ∈ SX∗ such
that x∗(x0) > supx
∗(B) = M . Hence sup x∗(C) = x∗(x0). Fix ε > 0, let
β := sup
x∈B
‖x‖ and 0 < α < x
∗(x0)−M
2(β+‖x0‖)
ε. Consider S = {x ∈ C : x∗(x) >
x∗(x0) − α}. Now S is a slice of C. Pick y, z ∈ co(B ∪ {x0}) ∩ S with
y = λb1 + (1 − λ)x0 and z = µb2 + (1 − µ)x0, for some 0 ≤ λ, µ ≤ 1
and b1, b2 ∈ B. As y, z ∈ S we deduce that λ, µ <
ε
2(β+‖x0‖)
. Hence
‖y−z‖ < ε2(β+‖x0‖)(‖b1‖+‖b2‖+‖x0‖) < ε. This proves that co(B∪{x0})∩S
has diameter less than ε and so S is a slice of C containing x0 with diameter
less than ε and x0 is a denting point of C.
In the case that B is in particular the unit ball of X, then it is easy to see
that the above set S is a slice of co(C ∪{−x0}) containing x0 with diameter
less than ε for α enough small.
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In order to exhibit the announced example, let B be the closed unit ball
of C([0, 1])⊕∞ C([0, 1]) and C = co(B ∪ {(x0, 0)} ∪ {(−x0, 0)}), where x0 is
a point in C([0, 1]) whose usual norm in C([0, 1]) is 2. From lemma 2.1, C
is the unit ball of some norm in C([0, 1]) × C([0, 1]) failing every diameter
two property whose restriction to the factor spaces has the SD2P.
Recall that a property (P) is said to be a tree space property if a Banach
space X satisfies (P) whenever there exists Y ⊆ X a closed subspace such
that Y and X/Y enjoy the property (P).
As a consequence of the previous lemma, the diameter two properties are
not tree space properties.
We study now the following question: given a Banach space X satisfying
some diameter two property, which closed subspaces ofX enjoy any diameter
two property? The following result answer the above question assuming
natural properties to the quotient X/Y .
Theorem 2.2. Let X be a Banach space and let Y a subspace of X.
i) If X has the slice diameter two property and there exists π : X −→ Y
a norm-one linear and continuous projection onto a subspace Y of X
such that ker(π) is finite-dimensional, then Y has the slice diameter
two property.
ii) If X has the diameter two property and X/Y is finite-dimensional,
then Y has the diameter two property.
iii) If X has the strong diameter two property and X/Y is strongly reg-
ular then Y has the strong diameter two property.
Proof. i) Note that, since ‖π‖ = 1,
π(BX) = BY .
Under the hypotheses of i) is proved in [8, Theorem 5.3] that
2 = inf{diam(S) / S slice of BX} ≤ inf{diam(T ) / T slice of π(BX) = BY }.
Thus Y has the slice diameter two property, as desired.
ii) Consider
W := {y ∈ Y / |y∗i (y − y0)| < εi ∀i ∈ {1, . . . , n}},
for n ∈ N, εi ∈ R
+, y∗i ∈ Y
∗ for each i ∈ {1, . . . , n} and y0 ∈ Y such that
W ∩BY 6= ∅.
Let’s prove that W ∩ BY has diameter 2. To this aim pick an arbitrary
δ ∈ R+.
Assume that y∗i ∈ X
∗ for each i ∈ {1, . . . , n}. We have no loss of generality
by Hahn-Banach’s theorem.
Define
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U := {x ∈ X / |y∗i (x− y0)| < εi ∀i ∈ {1, . . . , n}},
which is a weakly open set in X such that U ∩BX 6= ∅.
Let p : X −→ X/Y be the quotient map, which is a w − w open map.
Then p(U) is a weakly open set in X/Y . In addition
∅ 6= p(U ∩BX) ⊆ p(U) ∩ p(BX) = p(U) ∩BX/Y .
Defining A := p(U) ∩ BX/Y , then A is a non-empty ,relatively weakly
open and convex subset of BX/Y which contains to zero. Hence, as X/Y is
finite-dimensional, we can find a weakly open set V of X/Y , in fact a ball
centered at 0, such that V ⊂ A and that
(2.1) diam(V ∩ p(U) ∩BX/Y ) = diam(V ) <
δ
8
.
As V ⊂ A then B := p−1(V ) ∩ U ∩ BX 6= ∅. Hence B is a non-empty
relatively weakly open subset of BX . Using that X satisfies the diameter
two property we can assure the existence of x, y ∈ B such that
(2.2) ‖x− y‖ > 2−
δ
8
.
Note that x ∈ B implies p(x) ∈ V = V ∩ P (U) ∩BX/Y . In view of (2.1)
it follows
‖p(x)‖ ≤ diam(V ∩ p(U) ∩BX/Y ) <
δ
8
.
Hence there exists u ∈ BY such that
(2.3) ‖x− u‖ <
δ
8
.
Again using (2.1), by a similar argument we can find v ∈ BY satisfying
(2.4) ‖v − y‖ <
δ
8
.
Note that given i ∈ {1, . . . , n}, keeping in mind (2.3), one has
|y∗i (u− y0)| ≤ |y
∗
i (y − x)|+ |y
∗
i (x− y0)| ≤ ‖y
∗
i ‖
δ
8
+ εi,
using that x ∈ U . Thus, if we define
Wδ :=
{
y ∈ Y / |y∗i (y − y0)| < εi + ‖y
∗
i ‖
δ
8
∀i ∈ {1, . . . , n}
}
it follows that u, v ∈ Wδ ∩ BY . On the other hand, in view of (2.2),(2.3)
and (2.4) we can estimate
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(2.5)
diam(Wδ∩BY ) ≥ ‖u−v‖ ≥ ‖x−y‖−‖x−u‖−‖y−v‖ ≥ 2−
δ
8
−
δ
8
−
δ
8
> 2−δ.
As δ ∈ R+ was arbitrary we deduce that diam(W ∩BY ) = 2, as wanted.
iii) Assume that X has the strong diameter two property and that X/Y
is strongly regular.
Let C :=
∑n
i=1 λiS(BY , y
∗
i , ε) =
∑n
i=1 λiSi a convex combination of slices
of BY . Let prove that diam(C) = 2. To this aim pick an arbitrary δ ∈ R
+.
Let π : X −→ X/Y the quotient map. Assume that y∗i ∈ SX∗ . We have
no loss of generality because of Hahn-Banach’s theorem.
For each i ∈ {1, . . . , n} consider Ai := π(S(BX , y
∗
i , ε)), which is a convex
subset of BX/Y containing to zero. By [5, Proposition III.6] then Ai is equal
to the closure of the set of its strongly regular points. As a consequence, for
each i ∈ {1, . . . , n}, there exists ai a strongly regular point of Ai such that
(2.6) ‖ai‖ <
δ
16
.
For every i ∈ {1, . . . , n} we can find ni ∈ N, µ
i
1, . . . , µ
i
ni ∈]0, 1] such that∑ni
j=1 µ
i
j = 1 and (a
i
1)
∗, . . . , (aini)
∗ ∈ S(X/Y )∗ , η
i
j ∈ R
+ satisfying that
ni∑
j=1
µij(S(BX/Y , (a
i
j)
∗, ηij) ∩Ai)
and also satisfying
(2.7) diam

 ni∑
j=1
µij(S(BX/Y , (a
i
j)
∗, ηij) ∩Ai)

 < δ
16
.
It is clear that for i ∈ {1, . . . , n} and j ∈ {1, . . . , ni} one has
S(BX/Y , (a
i
j)
∗, ηij) ∩Ai 6= ∅ ⇒ S(BX , π
∗((aij)
∗), ηij) ∩ S(BX , y
∗
i , ε) 6= ∅.
Now
∑n
i=1 λi
∑ni
j=1 µ
i
j(S(BX , π
∗((aij)
∗), ηi)∩S(BX , y
∗
i , ε)) is a convex com-
bination of non-empty relatively weakly open subsets of BX . By a known
lemma of Bourgain, last set contains a convex combination of slices of BX
and, as a consequence, last set has diameter two. Hence we can find, for
each i ∈ {1, . . . , n}, j ∈ {1, . . . , ni}, elements x
i
j, z
i
j ∈ S(BX , π
∗((aij)
∗), ηi) ∩
S(BX , y
∗
i , ε) verifying
(2.8)
∥∥∥∥∥∥
n∑
i=1
λi
ni∑
j=1
µijx
i
j −
n∑
i=1
λi
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥ > 2−
δ
16
.
By the one hand, given i ∈ {1, . . . , n} one has
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ni∑
j=1
µijx
i
j ∈
ni∑
j=1
µijS(BX , π
∗((aij)
∗), ηij) ∩ S(BX , y
∗
i , ε)⇒
⇒ π

 ni∑
j=1
µijx
i
j

 ∈ ni∑
j=1
µijS(SX/Y , (a
i
j)
∗, ηij) ∩Ai,
thus, since (2.7), we have
(2.9)
∥∥∥∥∥∥π

 ni∑
j=1
µijx
i
j


∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
ni∑
j=1
µijai
∥∥∥∥∥∥+
(2.10) diam

 ni∑
j=1
µij(S(SX/Y , (a
i
j)
∗, ηij) ∩Ai)

 < δ
8
.
Hence, for each i ∈ {1, . . . , n}, there exists ai ∈ BY such that
(2.11)
∥∥∥∥∥∥ai −
ni∑
j=1
µijx
i
j
∥∥∥∥∥∥ <
δ
8
.
By a similar argument we can find, for every i ∈ {1, . . . , n}, an element
bi ∈ BY verifying
(2.12)
∥∥∥∥∥∥bi −
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥ <
δ
8
.
Thus given i ∈ {1, . . . , n} we deduce, in view of (2.11),
y∗i (ai) = y
∗
i

 ni∑
j=1
µijx
i
j

+ y∗i

ai − ni∑
j=1
µijx
i
j

 > 1− ε− δ
8
.
In a similar way, using (2.12), we deduce that
y∗i (bi) > 1− ε−
δ
8
.
Summarizing,
(2.13) ai, bi ∈ S
(
BY , y
∗
i , ε+
δ
8
)
.
On the other hand, in view of (2.8), we deduce:
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diam
(
n∑
i=1
λiS
(
BY , y
∗
i , ε+
δ
2
))
≥
∥∥∥∥∥
n∑
i=1
λiai −
n∑
i=1
λibi
∥∥∥∥∥ ≥
≥
∥∥∥∥∥∥
n∑
i=1
λi
ni∑
j=1
µijx
i
j −
n∑
i=1
λi
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥−
∥∥∥∥∥∥ai −
ni∑
j=1
µijx
i
j
∥∥∥∥∥∥−
∥∥∥∥∥∥bi −
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥ >
2− δ.
As δ ∈ R+ was arbitrary we conclude that diam(C) = 2, as desired.
We don’t know if Y has slice-D2P (D2P) wheneverX has slice-D2P (D2P)
and X/Y is reflexive or RNP. We don’t know even if the part i) of above
theorem holds without assuming the norm one projection condition. Note
that in this case Y is finite-codimensional.
Corollary 2.3. Let X be a Banach space such that X∗ has SD2P and let Y
a subspace of X. If Y does not contain any copy of ℓ1 then Y
◦ has SD2P.
Proof. Assume that Y does not contain any isomorphic copy of ℓ1. Then
Y ∗ = X∗/Y ◦ is strongly regular [5]. By Theorem 2.2, part iii), we deduce
that Y ◦ = (X/Y )∗ has the SD2P.
Note that, taking into account the duality between SD2P and octahedral-
ity, we deduce from the corollary 2.3 that the norm of (X/Y )∗∗ = X∗∗/Y ◦◦
is octahedral whenever the norm ofX∗∗ is octahedral and Y does not contain
isomorphic copies of ℓ1.
Corollary 2.4. Let X be a Banach space the SD2P and Y a subspace of X.
If Y ◦ does not contain isomorphic copies of ℓ1, then Y satisfies the SD2P.
Proof. As Y ◦ does not contain isomorphic copies of ℓ1, we deduce that (Y
◦)∗
is strongly regular and soX/Y is also strongly regular as a subspace of (Y ◦)∗.
Now Theorem 2.2 applies.
Note that , taking into account the duality between SD2P and octahedral-
ity, we deduce from the above corollary that the norm of Y ∗ is octahedral
whenever the norm of X∗ is octahedral and Y ◦ does not contain isomorphic
copies of ℓ1.
Corollary 2.5. Let X be a Banach space with the SD2P and Y a subspace
of X. If X/Y does not contain ℓn1 uniformly, then Y has the SD2P.
Note that , taking into account the duality between SD2P and octahedral-
ity, we deduce from the above corollary that the norm of Y ∗ is octahedral
whenever the norm ofX∗ is octahedral and Y ◦ does not contain ℓn1 uniformly.
It is known that the previous properties are characterized by the dual
version of diameter two property. Indeed, given X a Banach space, it is
known that X has octahedral norm if, and only if, X∗ has the w∗-strong
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diameter two property [1, Theorem 2.1]. Moreover, it is known that X has
2−rough (respectively weakly octahedral) norm if, and only if, X∗ has the
w∗-slice diameter two property (respectively the w∗-diameter two property),
see [4] and [6, Theorem 3.1].
Now we will see that given X a Banach space and Y ⊆ X a subspace, if
X has octahedral, weakly octahedral or 2−rough norm and Y satisfies some
additional condition, we can ensure that X/Y has octahedral norm, weakly
octahedral or 2−rough, respectively.
Theorem 2.6. Let X be a Banach space and Y a subspace of X.
i) If X has a 2−rough norm, Y is a finite-dimensional subspace of X
and π : X → Y a norm one projection, then X/Y has a 2−rough
norm.
ii) If X has weakly octahedral norm and Y is finite-dimensional, then
X/Y has weakly octahedral norm.
iii) If X has octahedral norm and Y is reflexive then X/Y has octahedral
norm.
Proof. i) From the duality between 2−roughness and w∗-slice-D2P, we know
that X∗ has w∗-slice-D2P and we have to prove that Y ◦ has w∗-slice-D2P.
If we define Z = Ker(π), we get that Z◦ is finite-dimensional, since Y it is.
From the w∗ version of part i) in Theorem 2.2 it is enough to see that there
is a norm one projection from X∗ onto Y ◦ with Ker(p) = Z◦. Consider i
the inclusion of Y in X. Doing p = π∗ ◦ i∗ we obtain the desired projection.
ii)] In order to prove that X/Y has weakly octahedral norm, we have to
check that (X/Y )∗ ∼= Y ◦ has the w∗-diameter two property.
So consider
W := {y∗ ∈ Y ◦ / |(y∗ − y∗0)(yi)| < εi ∀i ∈ {1, . . . , n}},
for n ∈ N, εi ∈ R
+, yi ∈ Y for each i ∈ {1, . . . , n} and y
∗
0 ∈ Y
◦ such that
W ∩BY ◦ 6= ∅.
Let’s prove that W ∩BY ◦ has diameter 2. To this aim pick δ ∈ R
+.
Define
U := {x∗ ∈ X∗ / |(y∗ − y∗0)(yi)| < εi ∀i ∈ {1, . . . , n}},
which is a non-empty relatively weakly∗ open of X∗ satisfying that U ∩
BX∗ 6= ∅.
Let p : X∗ −→ X∗/Y ◦ ∼= Y ∗ be the quotient map, which is a w∗ − w∗
open map. Then p(U) is a weakly∗ open set of X∗/Y ◦. Moreover
∅ 6= p(U ∩BX∗) ⊆ p(U) ∩ p(BX∗) = p(U) ∩BX∗/Y ◦ .
If we define A := p(U) ∩ BX∗/Y ◦ , then we have that A is a relatively
weak-star open and convex subset of BX∗/Y ◦ which contains to zero.
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As Y is finite-dimensional, we can find V a weak-star open set of X∗/Y ◦,
in fact a ball centered at zero, such that V ⊂ A and that
(2.14) diam(V ) = diam(V ∩ p(U) ∩BX∗/Y ◦) <
δ
8
.
As V ⊂ A then B := p−1(V ) ∩ U ∩ BX 6= ∅. Hence B is a non-empty
relatively weak-star open subset of BX∗ . Since X has weakly octahedral
norm, we deduce that B has diameter 2. Hence we can find x∗, y∗ ∈ B
satisfying
(2.15) ‖x∗ − y∗‖ > 2−
δ
16
.
Now x∗ ∈ B implies that p(x∗) ∈ V = V ∩ P (U) ∩ BX∗/Y ◦ . In view of
(2.14) it follows that
‖p(x∗)‖ ≤ diam(V ∩ p(U) ∩BX∗/Y ◦) <
δ
8
.
Hence we can find u∗ ∈ BY ◦ such that
(2.16) ‖x∗ − u∗‖ <
δ
8
.
Keeping in mind (2.14) and using a similar argument we can find v∗ ∈ BY
such that
(2.17) ‖v∗ − y∗‖ <
δ
8
.
Note that given i ∈ {1, . . . , n}, by (2.16) one has
|(u∗ − y∗0)(yi)| ≤ |(x
∗ − y∗0)(yi)|+ |(x
∗ − u∗)(yi)| ≤ ‖yi‖
δ
8
+ εi
because x∗ ∈ U . Thus, if we define
Wδ :=
{
y∗ ∈ Y ◦ / |(y∗ − y∗0)(yi)| < εi + ‖yi‖
δ
8
∀i ∈ {1, . . . , n}
}
,
we have that u∗, v∗ ∈Wδ∩BY ◦ . On the other hand, in view of (2.15),(2.16)
and (2.17) one has
(2.18) diam(Wδ ∩BY ◦) ≥ ‖u
∗− v∗‖ ≥ ‖x∗− y∗‖−‖x∗−u∗‖−‖y∗− v∗‖ ≥
(2.19) 2−
δ
16
−
δ
8
−
δ
8
> 2− δ.
As δ ∈ R+ was arbitrary we deduce that diam(W ∩BY ◦) = 2, as wanted.
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iii) Assume that X has an octahedral norm and Y is reflexive. We know
that, in order to prove that X/Y has octahedral norm, we have to prove
that (X/Y )∗ = Y ◦ has the w∗-strong diameter two property.
To this aim consider C :=
∑n
i=1 λiS(BY ◦ , xi, α) a convex combination of
slices in BY ◦ and let prove that diam(C) = 2.
Pick an arbitrary δ ∈ R+. Define Si := S(BX∗ , xi, α) for each i ∈
{1, . . . , n}.
Let π : X∗ −→ X∗/Y ◦ = Y ∗ the quotient map and define Ai := π(Si).
Now by Phelps’s theorem, for each i ∈ {1, . . . , n}, there exists a convex
combination of strongly exposed points of Ai, say
∑ni
j=1 µ
i
ja
i
j , such that
(2.20)
∥∥∥∥∥∥
ni∑
j=1
µija
i
j
∥∥∥∥∥∥ <
δ
16
.
For every i ∈ {1, . . . , n}, j ∈ {1, . . . , ni} let (aij)
∗ ∈ SX/Y a functional
which strongly exposes to aij . Given i ∈ {1, . . . , n}, j ∈ {1, . . . , ni} consider
ηij ∈ R
+ satisfying
(2.21) diam(S(BX∗/Y ◦ , (a
i
j)
∗, ηij) ∩Ai) <
δ
16
.
Note that S(BX∗/Y ◦ , (a
i
j)
∗, ηij) can be seen as a w
∗-slice because of reflex-
ivity of Y ∗.
Moreover it is clear that for i ∈ {1, . . . , n} and j ∈ {1, . . . , ni} one has
S(BX∗/Y ◦ , (a
i
j)
∗, ηij) ∩Ai 6= ∅ ⇒ S(BX∗ , π
∗((aij)
∗), ηij) ∩ S(BX∗ , xi, ε) 6= ∅.
Now
∑n
i=1 λi
∑ni
j=1 µ
i
jS(BX∗ , π
∗((aij)
∗), ηi)∩S(BX∗ , xi, ε) is a convex com-
bination of non-empty relatively weakly-star open subsets of BX∗ . Hence,
again by Bourgain lemma, it has diameter two. Thus we can find, for each
i ∈ {1, . . . , n}, j ∈ {1, . . . , ni}, elements x
i
j , z
i
j ∈ S(BX∗ , π
∗((aij)
∗), ηij) ∩
S(BX∗ , xi, ε) such that
(2.22)
∥∥∥∥∥∥
n∑
i=1
λi
ni∑
j=1
µij(x
i
j − z
i
j)
∥∥∥∥∥∥ > 2−
δ
16
.
Now, following the proof of ii), for each i ∈ {1, . . . , n} we can find yi, y
′
i ∈
S(BY ◦ , xi, α) such that
(2.23)
∥∥∥yi −∑nij=1 µijxij∥∥∥ < δ8 and ∥∥∥y′i −∑nij=1 µijzij∥∥∥ < δ8 .
So
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(2.24) yi, y
′
i ∈ S
(
BY ◦ , xi, α+
δ
8
)
,
and
diam
(
n∑
i=1
λiS
(
BY , y
∗
i , ε+
δ
8
))
≥
∥∥∥∥∥
n∑
i=1
λiai −
n∑
i=1
λibi
∥∥∥∥∥ ≥
≥
∥∥∥∥∥∥
n∑
i=1
λi
ni∑
j=1
µijx
i
j −
n∑
i=1
λi
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥−
∥∥∥∥∥∥ai −
ni∑
j=1
µijx
i
j
∥∥∥∥∥∥−
∥∥∥∥∥∥bi −
ni∑
j=1
µijz
i
j
∥∥∥∥∥∥ >
2−
3δ
4
.
As δ ∈ R+ was arbitrary we conclude that diam(C) = 2.
Hence X/Y has octahedral norm in view of arbitrariness of C, so we are
done.
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